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Abstract 

In this paper, we examine the existence and qualitative behaviour of solutions for a class 

of nonlinear random integral equations of fractional order in R+ = [0, ∞). The analysis is 

carried out within the framework of Banach algebra, employing a hybrid fixed-point theorem 

as the principal tool. The problem is considered under the assumptions of Lipschitz continuity 

and Caratheodory conditions, which ensures the measurability and continuity properties 

required for the existence of random solutions. In addition to proving the existence of such 

solutions, we establish their local attractivity, thereby demonstrating the stability of the system 

in a probabilistic sense. Moreover, we have proved the existence of extremal solutions. The 

theoretical results presented in this work contribute to the growing field of fractional calculus 

and stochastic analysis by providing a rigorous framework for studying fractional random 

integral equations.  To illustrate the applicability of the main results, we provided a concrete 

example that verifies the theoretical findings and highlights the practical relevance of the 

proposed approach.  

Keyword: Fixed point theorems, Nonlinear integral equations, Random operators, Initial value 

problems.  

Mathematics subject classification: 47H10, 45G10, 60H25, 34A12.  

1.  Introduction

Differentiations and integrations of any non-integer order are generalized in fractional calculus. 

In many engineering and scientific fields, including physics, chemistry, electrodynamics, 

aerodynamics, economics, and more, fractional calculus is a concept that appears in the 

mathematical modeling of systems and processes (Akgul and Khoshnaw 2020; 

Hammachukiattikul and Mohanapriya 2020; Boulaaras and Jan 2023; Cheow and Ng 2024). 

The fixed-point theorem has recently attracted a lot of writers to fractional differential 

equations, and numerous findings about linear and nonlinear fractional differential equations 

have been published in the literature (Damag and Kilicman 2020; Abbas and Arifi 2019; Zhang 

and Hu 2019; Liu and Liu 2024). The innovative properties of attractivity and asymptotic 

*Corresponding Author Email: kalpanajagtap1387v@gmail.com 

Published: 20 April 2026 

DOI: https://doi.org/10.70558/IJST.2026.v3.i2.241234 

Copyright © 2026 The Author(s). This work is licensed under a Creative Commons Attribution 4.0 

International License (CC BY 4.0). 

 

mailto:kalpanajagtap1387v@gmail.com
https://doi.org/10.70558/IJST.2026.v3.i2.241234


International Journal of Science and Technology (IJST) 

ISSN: 3049-1118, Volume- 3, Issue- 2 (April - June 2026) 

IJST       www.ijstjournal.com        41  

 

attractivity of solutions have been utilized in the relatively new research of nonlinear integral 

equations with unbounded intervals. These characteristics of solutions can be handled in two 

ways. classical fixed-point theorems that use topological and analytical hypotheses and fixed-

point theorems that use non-compactness measures. The existence and uniqueness theorems of 

nonlinear random equations can be demonstrated using random fixed-point theorems, which 

are stochastic generalizations of classical or deterministic fixed-point theorems in abstract 

spaces. For detail   discussion of fixed-point theorem in probabilistic analysis refer (Bharucha-

Ried 1976). 

The theory of fractional order integral equations has attracted a lot of attention and is prominent 

part of nonlinear analysis. There have been numerous research papers and monographs 

published on integer order and fractional order differential and integral equations (Arunchai 

and Plubtieng 2013; Dhage and Ntouyas 2010; Damag and Kilicman 2020; Granas and 

Dugundji 2003; Podlubny 1993; Machado and Silva 2010; Abbas and Arifi 2019; Abbas and 

Benchohra 2019; Zhang and Hu 2019). Among these research paper some discuss various form 

of existence results and some discuss numerical methods of solutions for fractional and integer 

order equations. In the present paper, we have discussed the existence of solutions and locally 

attractivity results of the nonlinear random integral equation of fractional order in the right half 

𝑅+ of the real line R. Moreover, we have discussed the existence of extremal solutions. 

2. Preliminaries  

In this section we give the definitions, notation, hypothesis and preliminary tools, which will 

be used in paper. 

2.1 Definition: (Arunchai and Plubtieng 2013; Dhage and Ntouyas 2010) A mapping 𝒻: Ω →

𝔅,  where 𝔅 be a separable Banach space with 𝛽𝒻 𝜎-algebra of all Borel subsets of 𝔅 and (Ω, 𝐴) 

be a measurable space is called measurable if for any Borel subset 𝐵 of  𝔅 , 

𝒻−1(𝐵) = {𝜐 ∈ Ω ∶ 𝒻(𝜐) ∈ 𝐵} ∈ 𝐴 

2.2 Definition: (Bharucha-Ried 1976; Arunchai and Plubtieng 2013; Granas and Dugundji 

2003) A mapping 𝑓: Ω × 𝔸 → 𝔸 is known as random operator if 𝜐 → 𝑓(𝜐, 𝑎) is measurable for 

each 𝑎 ∈ 𝔸  and this random operator is generally denoted as 𝑓(𝜐)𝑎 = 𝑓(𝜐, 𝑎). 

2.3 Definition: (Bharucha-Ried 1976; Arunchai and Plubtieng 2013) A mapping 𝑔: Ω × 𝔹 →

𝔹 random operator, a random variable 𝜍: Ω → 𝔹  is called random fixed point of a random 

operator, if 𝑔(𝜐)𝜍(𝜐) = 𝜍(𝜐)  for every 𝜐 ∈ Ω. 

2.4 Definition: (Arunchai and Plubtieng 2013) A random operator 𝑓(𝜐) is totally bounded and 

continuous on 𝔸 then 𝑓 is called completely continuous on Banach space 𝔸. 

2.5 Definition: (Hammachukiattikul and Mohanapriya 2020) A class of measurable functions 

{𝑦𝑛(𝜐)} is said to be equicontinuous class, if for every 𝜀 > 0 there exist𝛿 > 0 such that 

‖𝑦𝑛(𝑡1, 𝜐) − 𝑦𝑛(𝑡2, 𝜐)‖ < 𝜀 whenever |𝑡1 − 𝑡2| < 𝛿 for all 𝑛 = 1, 2, 3, … 
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2.6 Theorem (Arzela-Ascoli Theorem): (Hammachukiattikul and Mohanapriya 2020) If {𝑓𝑛} 

is a uniformly bounded and equicontinuous sequence of functions in 𝐶(𝑅+, 𝑅), then it has a 

convergent subsequence. 

2.7 Theorem: (Malik and Arora 1982) A metric space 𝑋 is compact if and only if every 

sequence in 𝑋 has a convergent subsequence.  

2.8 Definition: (Dhage and Ntouyas 2010) A random operator 𝑔: Ω × 𝔹 → 𝔹  is called a 𝔇-

Lipschitzician, if there exist a nondecreasing continuous function 𝜑: Ω × 𝑅+ → 𝑅+ such that 

for every 𝜐 ∈ Ω  

‖𝑔(𝜐)𝑎 − 𝑔(𝜐)𝑏‖ ≤ 𝜑𝜐(‖𝑎 − 𝑏‖) 

For all 𝑎, 𝑏 ∈ 𝔹, where 𝜑𝜐(𝑟) = 𝜑(𝜐, 𝑟) with 𝜑(𝜐, 0) = 0. 

Here some special case 𝜑𝜐(𝑟) = 𝛽(𝜐)𝑟,  for 𝛽(𝜐) > 0 for every 𝜐 ∈  Ω then the random 

operator 𝑔(𝜐) is called Lipschitz with Lipschitz constant 𝛽(𝜐), for 𝜐 ∈  Ω. In particular for each 

𝜐 ∈  Ω,  𝛽(𝜐) < 1 then random operator 𝑔(𝜐) is known as a contraction with contraction 

constant 𝛽(𝜐). 

2.9 Definition: (Dhage and Ntouyas 2010; Abbas and Benchohra 2014) Random solutions of 

random equations are said to be locally attractive on 𝑅+. If there is a closed ball 𝐵̅𝑎(𝑥0) in the 

space 𝑆 = 𝐵𝐶(𝑅+, 𝑅)and for some 𝑥0  ∈ 𝑆 and for some real number𝑎 > 0, such that for 

arbitrary random solutions 𝑥 = 𝑥(𝑡, 𝜐) and 𝑦 = 𝑦(𝑡, 𝜐) of the random equation belonging to 

𝐵̅𝑎(𝑥0) ∩ ℌ, where ℌ is a non-empty subset of 𝑆, we have 

lim
𝑡→∞

|𝑥(𝑡, 𝜐) − 𝑦(𝑡, 𝜐)| = 0 for all 𝜐 ∈ Ω 

2.10 Theorem: (Dhage 2003) Let  𝐶 be a closed and bounded subset of a separable Banach 

algebra 𝔅 and let  𝒮(𝜐), 𝒯(𝜐) ∶  Ω ×  𝐶 →  𝔅 be two random operators satisfying for each 𝜐 ∈

Ω 

• 𝒮(𝜐) is 𝔇-Lipschitz with 𝔇-function 𝜑 

• 𝒯(𝜐) is completely continuous, and  

•   𝒮(𝜐)𝑦 𝒯(𝜐)𝑦 ∈ 𝐶 for each 𝑦 ∈ 𝐶. 

Then the random equation  𝒮(𝜐)𝑦𝒯(𝜐)𝑦 = 𝑦 has a random solution whenever 

 ℳ(𝜐 )𝜑𝜐(𝑟) < 𝑟, 𝑟 > 0, for each 𝜐 ∈ Ω where ℳ(𝜐) =  ‖𝒯(𝜐)(𝐶)‖.   

2.11 Corollary: (Dhage 2003) Let  𝐶 be a closed, convex and bounded subset of a separable 

Banach algebra 𝔅 and let  

  𝒮(𝜐), 𝒯(𝜐) ∶  Ω ×  𝐶 →  𝔅 be two random operators satisfying for each 𝜐 ∈ Ω, 

• 𝒮(𝜐) is Lipschitz with Lipschitz constant 𝛽(𝜐) 

• 𝒯(𝜐) is continuous and compact,  

• 𝒮(𝜐)𝑦 𝒯(𝜐)𝑦 ∈ 𝐶 for each 𝑦 ∈ 𝐶. 

Then the random equation 

𝒮(𝜐)𝑦 𝒯(𝜐)𝑦 = 𝑦 
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has a random solution and the set of such solutions is compact whenever 𝛽(𝜐)ℳ(𝜐) <

1 for each 𝜐 ∈ Ω, where ℳ(𝜐) =  ‖𝒯(𝜐)(𝐶)‖.   

3.  Results and Discussion 

Let 𝜉, 𝜁 ∈ (0,1) and 𝑅 denote the real numbers where as 𝑅+ be the set of non-negative numbers 

i.e. 

 𝑅+ = [0, ∞) ⊂ 𝑅.. Consider the fractional order nonlinear random integral equation 

(FONRIE) 

    𝑦(𝑡, 𝜐) = [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠]  

                × [𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]                                                         (1) 

   For all 𝑡 ∈ 𝑅+, 𝜐 ∈ Ω                                                                                   

 Where 𝑝: 𝑅+ × 𝑅 × Ω → 𝑅 − {0}; 𝑔: 𝑅+ × Ω → 𝑅;   𝑞: 𝑅+ × 𝑅 × Ω → 𝑅 and by solution of 

equation (1) we mean a function 𝑦 ∈ 𝐵𝑀(𝑅+, 𝑅) that satisfies (1) on 𝑅+, Where 𝐵𝑀(𝑅+, 𝑅) is 

space of bounded measurable real valued functions defined on 𝑅+. Define a supremum norm 

‖. ‖ in 𝐵𝑀(𝑅+, 𝑅) by ‖𝑦‖ = |𝑦(𝑡)|𝑡∈𝑅+

𝑠𝑢𝑝
. Clearly 𝐵𝑀(𝑅+, 𝑅) is a separable Banach algebra with 

this maximum norm.   

We seek random solutions of FONRIE (1) in the space  𝐵𝑀(𝑅+, 𝑅) of bounded measurable 

and real valued function on 𝑅+ . 𝐿1- norm in 𝐿1(𝑅+, 𝑅) is defined by  

‖𝑦‖𝐿1 = ∫|𝑦(𝑡)|

𝑡

0

 𝑑𝑠 . 

3.1 Definition: (Arunchai and Plubtieng 2013; Dhage and Ntouyas 2010) A mapping  

𝜆: 𝑅+ × 𝑅 × Ω → 𝑅 is said to satisfy condition of 𝐿(𝜐)-caratheodory if  

i) The map (𝑡, 𝜐) → 𝜆(𝑡, 𝑦, 𝜐) is measurable for all 𝑦 ∈ 𝑅 and  

ii) The map 𝑦 → 𝜆(𝑡, 𝑦, 𝜐) is continuous for all 𝑡 ∈ 𝑅+ , 𝜐 ∈ Ω  

Furthermore 𝐿1(𝜐)-caratheodory if  

iii) There exits measurable and bounded function 𝜓: Ω → 𝐿1( 𝑅+) such that 

 |𝜆(𝑡, 𝑦, 𝜐)| ≤ 𝜓(𝑡, 𝜐)  a.e. 𝑡 ∈ 𝑅+ for all  𝜐 ∈ Ω  and 𝑦 ∈ 𝑅. 

We consider following hypothesis   

(H0) The function 𝜐 → 𝑝(𝑡, 𝑦, 𝜐) is measurable for all 𝑡 ∈ 𝑅+ , 𝑦 ∈ 𝑅. 

(H1)  The function 𝑡 → 𝑝(𝑡, 𝑦, 𝜐) is Riemann integrable for each 𝑦 ∈ 𝑅, 𝜐 ∈ Ω . 

(H2)  There exist a function ℒ: Ω → 𝐿1( 𝑅+, 𝑅) such that for each  𝜐 ∈ Ω 

                      |𝑝(𝑡, 𝑦(𝑡, 𝜐), 𝜐) − 𝑝(𝑡, 𝑧(𝑡, 𝜐), 𝜐)| ≤ ℒ(𝑡, 𝜐)|𝑦(𝑡, 𝜐) − 𝑧(𝑡, 𝜐)|   𝑎. 𝑒.   
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             𝑡 ∈ 𝑅+, 𝜐 ∈ Ω,   𝑦, 𝑧 ∈ 𝑅, moreover 𝐾2 = sup{
1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1 ℒ(𝑠, 𝜐) 𝑑𝑠 }  

𝑡

0
  

(H3)  There exist a function 𝜙: Ω → 𝐿1( 𝑅+, 𝑅) such that for each  𝜐 ∈ Ω  

             |𝑝(𝑡, 𝑦, 𝜐)| ≤ 𝜙(𝑡, 𝜐);   𝑎. 𝑒. for all 𝑡 ∈ 𝑅+ , 𝑦 ∈ 𝑅. 

(H4)  The function 𝑔: 𝑅+ × Ω → 𝑅 be measurable bounded and vanish at 𝑡 ⟶ ∞ i.e.  

              𝑔(𝑡, 𝜐) = 0𝑡→∞
𝑙𝑖𝑚  

(H5)  The function (𝑡, 𝜐) → 𝑞(𝑡, 𝑦, 𝜐) is measurable for all  𝑦 ∈ 𝑅. 

(H6)      The function 𝑞 is 𝐿1(𝜐)-caratheodory and there exist function 

  𝜓𝑟: Ω → 𝐿1(𝑅+, 𝑅) 𝑎. 𝑒. 𝑡 ∈ 𝑅+          

              such that |𝑞(𝑡, 𝑦(𝑡, 𝜐), 𝜐)| ≤ 𝜓𝑟(𝑡, 𝜐) for all (𝑡, 𝑦) ∈ 𝑅+ × 𝑅 

Remark: Note that the hypothesis H5, H6 hold then there exist continuous bounded function  

    𝒱: 𝑅+ × Ω → 𝑅+ defined by 𝒱(𝑡, 𝜐) = ∫ (𝑡 − 𝑠)𝜁−1𝑡

0
𝜓𝑟(𝑠, 𝜐)𝑑𝑠 with  

        𝐾1 = sup {
1

𝛤(𝜁)
𝒱(𝑡, 𝜐): 𝑡 ∈ 𝑅+ , 𝜐 ∈ 𝛺 } and vanish at 𝑡 = ∞ . 

3.2 Theorem: If the hypothesis H0 – H6 hold and 𝐾2(‖𝑔(𝜐)‖ + 𝐾1) < 1 then the FONRIE (1) 

has a random solution in 𝑅+ and moreover, the random solutions are locally attractive on 𝑅+.   

Proof: Let 𝔅 = 𝐵𝑀(𝑅+, 𝑅) be a measurable Banach algebra and define a subset 𝐶 of 𝔅 as 

𝐶 = {𝑦 ∈ 𝔅: ‖𝑦‖ ≤ 𝑟} = 𝐵𝑟[0] 

Where, 𝑟 = 𝜙1(‖𝑔(𝜐)‖ + 𝐾1) 

Now we define two operators 𝒮: Ω × 𝐶 → 𝔅;   𝒯: Ω × 𝐶 → 𝔅;  

                            𝒮(𝜐)𝑦(𝑡) =
1

Γ(𝜉)
∫ (𝑡 − 𝑠)(𝜉−1)𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐) 𝑑𝑠

𝑡

0
 

                            𝒯(𝜐)𝑦(𝑡) = 𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
 

For all 𝑡 ∈ 𝑅+  & 𝜐 ∈ Ω. 

Then the random integral equation transformed into random operator equation 

            𝑦(𝑡, 𝜐) = 𝒮(𝜐)𝑦(𝑡)𝒯(𝜐)𝑦(𝑡)                                                                                 (2) 

 For all 𝑡 ∈ 𝑅+ & 𝜐 ∈ Ω. 

We shall show that the operators 𝒮(𝜐), 𝒯(𝜐) satisfies all the conditions of the corollary (2.11). 

This will be done in following steps. 

Step – 1: First we show that 𝒮(𝜐), 𝒯(𝜐) are random operators on 𝐶. By hypothesis H0 the 

function  
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𝜐 → 𝑝(𝑡, 𝑦(𝑡, 𝜐), 𝜐) is measurable for all 𝑡 ∈ 𝑅+ & 𝑦 ∈ 𝑅. The product  

(𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)  of continuous and measurable functions is again measurable. We 

know that Riemann integral as a limit of a finite sum of measurable functions is again 

measurable. Therefore, the function  𝜐 →
1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠 is measurable. 

Then the function 𝜐 → 𝒮(𝜐)𝑦 is measurable for all 𝑦 ∈ 𝑅. Hence 𝒮(𝜐) is random operator. By 

hypothesis H4, H5  𝜐 → 𝑔(𝑡, 𝜐) is measurable and 𝜐 → 𝑞(𝑡, 𝑦, 𝜐) is measurable for all 𝑡 ∈

𝑅+ , 𝑦 ∈ 𝑅. The product  

(𝑡 − 𝑠)𝜁−1𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)  of continuous and measurable functions is again measurable. We 

know that Riemann integral as a limit of a finite sum of measurable function is again 

measurable. Therefore, the function  𝜐 →
1

Γ𝜁
∫ (𝑡 − 𝑠)𝜁−1𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠 is measurable. 

Since 𝔅 is separable so 𝐶 is also separable, the sum of two measurable functions is measurable. 

Consequently, the function 

 𝜐 → 𝑔(𝑡, 𝜐) +
1

Γ𝜁
∫ (𝑡 − 𝑠)𝜁−1𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠 is measurable. Then the function 𝜐 → 𝒯(𝜐)𝑦 

is measurable for all 𝑦 ∈ 𝑅. Hence 𝒯(𝜐) is random operator on 𝐶.  

Step – II: Next we show that 𝒮(𝜐) is Lipschitz random operator on 𝐶. 

Let  𝑦, 𝑧 ∈ 𝐶 

 |𝒮(𝜐)𝑦(𝑡) − 𝒮(𝜐)𝑧(𝑡)| 

                = |
1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠 −

1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠| 

                 ≤
1

Γ𝜉
 ∫ (𝑡 − 𝑠)𝜉−1 |𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐) − 𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)|

𝑡

0
 𝑑𝑠 

                 ≤
1

Γ𝜉
 ∫ (𝑡 − 𝑠)𝜉−1 ℒ(𝑠, 𝜐)|𝑦(𝑠, 𝜐) − 𝑧(𝑠, 𝜐)|

𝑡

0
 𝑑𝑠  

      Taking the supremum over t in the above inequality, we obtain 

                    ‖𝒮(𝜐)𝑦 − 𝒮(𝜐)𝑧‖  ≤ ‖𝑦(𝜐) − 𝑧(𝜐)‖ 𝑠𝑢𝑝 (
1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1 ℒ(𝑠, 𝜐) 𝑑𝑠

𝑡

0
)  

                                                    ≤ 𝐾2‖𝑦(𝜐) − 𝑧(𝜐)‖ 

                     ∵ 𝐾2 = 𝑠𝑢𝑝 (
1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1 ℒ(𝑠, 𝜐) 𝑑𝑠

𝑡

0
) 

                    ‖𝒮(𝜐)𝑦 − 𝒮(𝜐)𝑧‖ ≤ 𝐾2 ‖𝑦(𝜐) − 𝑧(𝜐)‖ 

𝒮(𝜐) is Lipschitz with Lipschitz constant 𝐾2 .   

Step – III: Now, show that 𝒯(𝜐) is continuous on 𝐶. 

Let {𝑦𝑛} be convergent sequence of points in 𝐶 converging to the point 𝑦 ∈ 𝐶, then it is enough 

to prove that  
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lim
𝑛→∞

 𝒯(𝜐)𝑦𝑛(𝑡) =  𝒯(𝜐)𝑦(𝑡),     𝑡 ∈ 𝑅+      

By Lebesgue dominated converging theorem we obtain 

                              lim
 𝑛→∞

 𝒯(𝜐)𝑦𝑛(𝑡) = lim
𝑛→∞

{𝑔(𝑡, 𝜐) +
1

Γ𝜁
∫ (𝑡 − 𝑠)𝜁−1𝑞(𝑠, 𝑦𝑛(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠}         

                                                          = {𝑔(𝑡, 𝜐) +
1

Γ𝜁
∫ lim

𝑛→∞
(𝑡 − 𝑠)𝜁−1𝑞(𝑠, 𝑦𝑛(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
} 

                                                         = {𝑔(𝑡, 𝜐) +
1

Γ𝜁
∫ (𝑡 − 𝑠)𝜁−1𝑡

0
 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐) 𝑑𝑠} 

                                                          =  𝒯(𝜐)𝑦(𝑡) 

For every 𝑡 ∈ 𝑅+  and 𝜐 ∈ Ω. 

This shows that the function 𝒯(𝜐) is continuous on 𝐶. 

Step – IV: To show that 𝒯(𝜐) is compact operator on 𝐶. 

It suffices to show that𝒯(𝜐)(𝐶) is uniformly bounded and equicontinuous set in 𝔅, for each 

 𝜐 ∈ Ω. First, we show that 𝒯(𝜐)(𝐶) is uniformly bounded for each 𝜐 ∈ Ω. 

             Let 𝑦 ∈ 𝐶 be arbitrary thus by hypothesis H6  𝑞 is 𝐿1(𝜐)-caratheodory 

 |𝒯(𝜐)𝑦(𝑡)| = |𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
| 

                     ≤ |𝑔(𝑡, 𝜐)| + |
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
| 

                     ≤ |𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 |𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠

𝑡

0
 

                     ≤ |𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 

𝑡

0
𝜓𝑟(𝑠, 𝜐) 𝑑𝑠  

                     ≤ |𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
 𝒱(𝑡, 𝜐) 

Taking supremum all over t 

‖𝒯(𝜐)𝑦‖ ≤ ‖𝑔(𝜐)‖ + 𝐾1 for all 𝑡 ∈ 𝑅+ 

Hence 𝒯(𝜐)(𝐶) is uniformly bounded subset of 𝔅.  

Step – V: Now we shall show that 𝒯(𝜐)(𝐶) is equicontinuous set in 𝔅. 

Let 𝑡1, 𝑡2 ∈ 𝑅+ with  𝑡1 >  𝑡2     

 |𝒯(𝜐)𝑦( 𝑡1) − 𝒯(𝜐)𝑦(𝑡2)| 

 ≤ |𝑔(𝑡1, 𝜐) +
1

Γ(𝜁)
∫ (𝑡1 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠 −

𝑡1

0

                                                             (𝑔(𝑡2, 𝜐) −  
1

Γ(𝜁)
∫ (𝑡2 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠) 

𝑡2

0
|  
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 ≤ |𝑔(𝑡1, 𝜐) − (𝑔(𝑡2, 𝜐)| 

       + |
1

Γ(𝜁)
∫ (𝑡1 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠 −

𝑡1

0

1

Γ(𝜁)
∫ (𝑡2 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡2

0
| 

  ≤ |𝑔(𝑡1, 𝜐) − (𝑔(𝑡2, 𝜐)| 

       +
1

Γ(𝜁)
|∫ (𝑡1 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠 − ∫ (𝑡2 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡2

0

𝑡1

0
| 

≤ |𝑔(𝑡1, 𝜐) − (𝑔(𝑡2, 𝜐)| +
1

Γ(𝜁)
|∫ (𝑡1 − 𝑠)𝜁−1 𝜓𝑟(𝑠, 𝜐)𝑑𝑠 − ∫ (𝑡2 − 𝑠)𝜁−1 𝜓𝑟(𝑠, 𝜐)𝑑𝑠

𝑡2

0

𝑡1

0
|  

 ≤ |𝑔(𝑡1, 𝜐) − (𝑔(𝑡2, 𝜐)| +
1

Γ𝜁
|𝒱(𝑡1, 𝜐) − 𝒱(𝑡2, 𝜐)| 

Since 𝒱(𝑡, 𝜐) = ∫ (𝑡 − 𝑠)𝜁−1𝑡

0
𝜓𝑟(𝑠, 𝜐) 𝑑𝑠 and 𝒱 is uniformly continuous function 

Hence,  |𝒯(𝜐)𝑦( 𝑡1) − 𝒯(𝜐)𝑦(𝑡2)| → 0 as 𝑡1 → 𝑡2  for all  𝑡1, 𝑡2 ∈ 𝑅+ and 𝜐 ∈ Ω 

This shows that 𝒯(𝜐)(𝐶) is equicontinuous set in 𝔅. 

Hence 𝒯(𝜐)(𝐶) is equicontinuous set in 𝔅 = 𝐵𝑀(𝑅+, 𝑅) and so by the Arzela-Ascoli theorem 

𝒯(𝜐)(𝐶) is relatively compact. 𝒯(𝜐) is continuous and compact operator on 𝐶. 

  ∴ 𝒯(𝜐)is completely continuous operator on 𝐶. 

Step VI: To show that the third condition of the corollary (2.11) is satisfied 

Let  𝑦 ∈ 𝐶 be arbitrary elements such that  

        𝑦 = 𝒮(𝜐)𝑦 𝒯(𝜐)𝑦  

Then we have 

|𝒮(𝜐)𝑦(𝑡)𝒯(𝜐)𝑦(𝑡)| 

    = |[
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] [𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]| 

= |
1

Γ(𝜉)
∫(𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0

 𝑑𝑠| |𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫(𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0

| 

       ≤ |
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠| [|𝑔(𝑡, 𝜐)| + |

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
|] 

    ≤ [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝑡

0
|𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠]    

                      × [|𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 |𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠 

𝑡

0
] 

     ≤ [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1𝜓𝑟(𝑠, 𝜐)  𝑑𝑠 

𝑡

0
] 

     ≤ [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
 𝒱(𝑡, 𝜐)] 
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Taking supremum over t 

                            ‖𝒮(𝜐)𝑦 𝒯(𝜐)𝑦‖ ≤ 𝜙1[‖𝑔(𝜐)‖ + 𝐾1] = 𝑟 

∵ 𝜙1 = sup { 
1

Γ(𝜉)
∫(𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0

 𝑑𝑠} 

                     ∴ 𝒮(𝜐)𝑦 𝒯(𝜐)𝑦 ∈ 𝐶 

Step VII: Finally, we show that  

                  ℳ(𝜐) = ‖𝒯(𝜐)(𝑐)‖  

                              =   {‖𝒯(𝜐)𝑎‖: 𝑎 ∈ 𝐶}    𝑎∈𝐶
𝑠𝑢𝑝

  

                              =  { |𝒯(𝜐)𝑎(𝑡)|𝑡∈𝑅+

𝑠𝑢𝑝
}𝑎∈𝐶

𝑠𝑢𝑝
  

                               =  {  |𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
|𝑡∈𝑅+ 

𝑠𝑢𝑝
}𝑎∈𝐶

𝑠𝑢𝑝
 

                               ≤ sup {  [|𝑔(𝑡, 𝜐)| + |
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
|] 𝑡∈𝑅+

𝑠𝑢𝑝 
} 

                                ≤ sup {  [|𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 |𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠 

𝑡

0
]𝑡∈𝑅+

𝑠𝑢𝑝
} 

                                ≤ sup {  [|𝑔(𝑡, 𝜐)| +
1

𝛤(𝜁)
∫ (𝑡 − 𝑠)𝜁−1𝜓𝑟(𝑠, 𝜐) 𝑑𝑠 

𝑡

0
]𝑡∈𝑅+

𝑠𝑢𝑝
} 

                                ≤ sup {  [|𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
 𝒱(𝑡, 𝜐)]𝑡∈𝑅+

𝑠𝑢𝑝
} 

                                ≤ ‖𝑔(𝜐)‖ + 𝐾1 

And therefore 𝛽(𝜐) ℳ(𝜐) < 𝐾2 (‖𝑔(𝜐)‖ + 𝐾1) < 1    

Thus, all the conditions of the corollary (2.11) are satisfied and hence the operator equation  

𝑦 = 𝒮(𝜐)𝑦 𝒯(𝜐)𝑦  has random solutions in 𝐶. Hence FONRIE (1) has random solutions in 𝐶. 

Step VIII: Finally, we have to show that the locally attractivity of the solutions for FONRIE. 

Let  𝑦 & 𝑧 be two solutions FONRIE in 𝐶.Then we have 

  |𝑦(𝑡, 𝜐) − 𝑧(𝑡, 𝜐)| =

|
[

1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] [𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]

− [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] [𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑧(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]
| 

 ≤ |[
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] [𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]| +

      |[
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] [𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑧(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]| 

  ≤ |
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠| |𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
| 
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     + |
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠| |𝑔(𝑡, 𝜐) +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑧(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
| 

 ≤ |
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1 𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠| [|𝑔(𝑡, 𝜐)| + |

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
|] +

      |
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠| [|𝑔(𝑡, 𝜐)| + |

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑧(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
|] 

 ≤ [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝑡

0
|𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 |𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠 

𝑡

0
] 

+ [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝑡

0
|𝑝(𝑠, 𝑧(𝑠, 𝜐), 𝜐)| 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 |𝑞(𝑠, 𝑧(𝑠, 𝜐), 𝜐)| 𝑑𝑠 

𝑡

0
]        

 ≤  [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1𝜓𝑟(𝑠, 𝜐) 𝑑𝑠 

𝑡

0
] 

        + [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1𝑞𝑟(𝑠, 𝜐)  𝑑𝑠 

𝑡

0
] 

 ≤ 2 [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1𝜓𝑟(𝑠, 𝜐) 𝑑𝑠 

𝑡

0
] 

 ≤ 2 [
1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [|𝑔(𝑡, 𝜐)| +

1

Γ(𝜁)
𝒱(𝑡, 𝜐)] 

Taking limit in above inequality as 𝑡 → ∞ yields 

lim
𝑡→∞

|𝑦(𝑡, 𝜐) − 𝑧(𝑡, 𝜐)| = 2[lim
𝑡→∞

1

Γ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1𝜙(𝑠, 𝜐)

𝑡

0
 𝑑𝑠] [lim   

𝑡→∞
|𝑔(𝑡, 𝜐)| +

  lim
𝑡→∞

1

Γ(𝜁)
𝒱(𝑡, 𝜐)]  

  lim
𝑡→∞

|𝑦(𝑡, 𝜐) − 𝑧(𝑡, 𝜐)| = 0 

∵ lim   
𝑡→∞

|𝑔(𝑡, 𝜐)| = 0  And lim
𝑡→∞

𝒱(𝑡, 𝜐) = 0 

Hence Random solutions of operator equation (2) are locally attractive. 

4. Existence of extremal random solutions: 

In this part, we established the existence of extremal solutions under a few reasonable 

monotonicity requirements.  

4.1 Definition: (Dhage 2007; Karande 2014) A non-empty closed subset K of a separable 

Banach algebra 𝔅 is called cone if 

(i) 𝐾 + 𝐾 ⊆ 𝐾 

(ii) 𝛿𝐾 ⊂ 𝐾 𝑓𝑜𝑟 𝑎𝑙𝑙  𝛿 ∈ 𝑅+ 

(iii) {−𝐾} ∩ 𝐾 = {0} 

Where 0 is zero element of 𝔅  

We define order relation ≤ in 𝔅  with the help of a cone 𝐾 as follows 

Let 𝑥, 𝑦 ∈ 𝔅  then 𝑥 ≤ 𝑦 iff 𝑦 − 𝑥 ∈ 𝐾 
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The Banach algebra 𝔅 with order relation ≤ is called ordered Banach algebra and it is denoted 

by (𝔅 , ‖. ‖, ≤). 

A cone 𝐾 in 𝔅  is known as normal if the norm ‖. ‖ is defined on 𝔅  is monotone increasing on 

𝐾, i.e. if 𝑥, 𝑦 ∈ 𝐾 with 𝑥 ≤ 𝑦 then there exist a constant 𝑁 > 0 such that 

‖𝑥‖ ≤ 𝑁‖𝑦‖ 

It is known that if the cone 𝐾 is normal in 𝔅  then every order-bounded set in 𝔅  is nor- bounded 

set in 𝔅 .  

It is known that if the cone 𝐾 in 𝔅  is normal, then every order interval is norm bounded set in 

𝔅 . Let 𝑎, 𝑏: Ω → 𝔅  be two measurable functions then by 𝑎 ≤ 𝑏 we mean 𝑎(𝜐) ≤ 𝑏(𝜐) for all 

𝜐 ∈ Ω. In this case the random order interval [𝑎, 𝑏] is defined to be a set in 𝔅  given by 

[𝑎, 𝑏] = {𝑥 ∈ 𝔅 ∶ 𝑎(𝜐) ≤ 𝑥 ≤ 𝑏(𝜐), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜐 ∈ Ω} 

                                                    =  [𝑎(𝜐), 𝑏(𝜐)]𝜐∈Ω
∩   

4.2 Definition: (Dhage 2007; Karande 2014) A random operator 𝑇: Ω × 𝔅 → 𝔅  is called 

monotone non-decreasing if for any 𝑥, 𝑦 ∈ 𝐾, 𝑥 ≤ 𝑦 implies 𝑇(𝜐)𝑥 ≤ 𝑇(𝜐)𝑦 for all 𝜐 ∈ Ω . 

4.3 Definition: (Dhage 2007) Define order relation ≤ in continuous real valued space 𝐶(𝑅+, 𝑅) 

by a cone 𝐾 in 𝐶(𝑅+, 𝑅) by  

𝐾 = {𝑥 ∈ 𝑐(𝑅+, 𝑅): 𝑥 ≥ 0} 

Clearly cone 𝐾 is normal in 𝑐(𝑅+, 𝑅). 

It is known that if the cone 𝐾 in 𝔅  is normal, then every order interval is norm bounded set 

in 𝔅  

4.4 Theorem: (Dhage 2007) Let 𝒮, 𝒯 ∶ Ω × 𝔅 → 𝔅  be two monotonic non decreasing 

random operators satisfying for each 𝜐 ∈ Ω 

(a) 𝒮(𝜐) is Lipschitz with the Lipschitz constant 𝛼(𝜐) 

(b) 𝒯(𝜐) is completely continuous 

(c) There exist two continuous functions 𝑎, 𝑏 ∶  Ω → 𝔅  s. t.. 

𝑎(𝜐) ≤ 𝒮(𝜐)𝑎 𝒯(𝜐)𝑎    &   𝒮(𝜐)𝑏  𝒯(𝜐)𝑏 ≤ 𝑏(𝜐)  

Further cone 𝐾 in 𝔅 is normal then the random equation 

                                         𝒮(𝜐)𝑦𝒯(𝜐)𝑦 = 𝑦  

Has the least random solutions 𝑦𝑚 and the greatest random solution 𝑦𝑀 in [𝑎, 𝑏] whenever 

𝛼(𝜐)𝑀(𝜐) < 1  for each 𝜐 ∈ Ω, 

Where, 𝑀(𝜐) = ‖𝒯(𝜐)([𝑎, 𝑏])‖ 

Moreover, 𝑦𝑚(𝜐) = lim
𝑛→∞

𝑥𝑛(𝜐)   ;     𝑦𝑀(𝜐) = lim
𝑛→∞

𝑦𝑛(𝜐)           

Where,  𝑥𝑛+1(𝜐) = 𝒮(𝜐)𝑥𝑛𝒯(𝜐)𝑥𝑛, 𝑛 ≥ 0 
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With 𝑥0(𝜐) = 𝑎(𝜐) 

     𝑦𝑛+1(𝜐) = 𝒮(𝜐)𝑦𝑛𝒯(𝜐)𝑦𝑛, 𝑛 ≥ 0 

With 𝑦0(𝜐) = 𝑏(𝜐)  

We consider the following hypothesis 

(B0)  The function 𝑝(𝑡, 𝑦, 𝜐), 𝑔(𝑡, 𝜐) and 𝑞(𝑡, 𝑦, 𝜐) are nondecreasing a.e. for 𝑡 ∈ 𝑅+  

(B1) The function 𝜐 → 𝑝(𝑡, 𝑦, 𝜐) is measurable, the function 𝑔: Ω → C(𝑅+, 𝑅) be measurable 

and the function 𝜐 → 𝑞(𝑡, 𝑦, 𝜐) is measurable for all 𝑡 ∈ 𝑅+ , 𝑦 ∈ 𝑅. 

(B2)  The function 𝑝: 𝑅+ × 𝑅 × Ω → R − {0} is continuous and there exist a function  

ℒ: Ω → 𝐿1( 𝑅+, 𝑅) such that for each  𝜐 ∈ Ω 

         |𝑝(𝑡, 𝑥(𝑡, 𝜐), 𝜐) − 𝑝(𝑡, 𝑦(𝑡, 𝜐), 𝜐)| ≤ ℒ(𝑡, 𝜐)|𝑥(𝑡, 𝜐) − 𝑦(𝑡, 𝜐)| 𝑎. 𝑒.  𝑡 ∈ 𝑅+, 𝜐 ∈ Ω,   

  𝑥, 𝑦 ∈ 𝑅. 

 (B3)      The function 𝑞 is 𝐿1(𝜐)-caratheodory  

(B4)       The FONRIE has a lower random solution 𝑎 and upper random solution 𝑏 with 𝑎 ≤ 𝑏. 

Remark: Note that if hypothesis B1, B3, H4 holds then there exist constant 𝐾1 > 0 such that  

𝐾1 = sup {
1

Γ𝜁
𝒱(𝑡, 𝜐) ∶ 𝑡 ∈ 𝑅+ & 𝜐 ∈ Ω  } 

4.5 Theorem: Assume that the hypothesis B0-B4 hold then FONRIE (1) has minimal random 

solution 𝑦𝑚 and maximal random solution 𝑦𝑀 in [𝑎, 𝑏] whenever 

                                                               𝐾2(‖𝑔(𝜐)‖ + 𝐾1) < 1  

Moreover   𝑦𝑚(𝜐) = lim
𝑛→∞

𝑥𝑛(𝜐)   ;    𝑦𝑀(𝜐) = lim
𝑛→∞

𝑦𝑛(𝜐)           

Where,  𝑥𝑛+1(𝑡, 𝜐) = [
1

Γ(𝛼)
∫ (𝑡 − 𝑠)𝛼−1 𝑝(𝑠, 𝑥𝑛(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] 

                                    [𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑥𝑛(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
]    

. for all 𝑡 ∈ 𝑅+ with 𝑥0 = 𝑎 

 𝑦𝑛+1(𝑡, 𝜐) = [
1

Γ(𝛼)
∫ (𝑡 − 𝑠)𝛼−1 𝑝(𝑠, 𝑦𝑛(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] 

                          × [𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦𝑛(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
] 

. for all 𝑡 ∈ 𝑅+with  𝑦0 = 𝑏  

Proof: Let 𝔅 = 𝐵𝑀(𝑅+, 𝑅) be separable Banach space and we define an order relation ≤ by 

the cone 𝐾. 
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Clearly cone 𝐾 is normal in 𝔅  .Define the operators 𝒮, 𝒯 by 

                           𝒮(𝜐)𝑦(𝑡) =
1

Γ(𝛼)
∫ (𝑡 − 𝑠)(𝛼−1)𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐) 𝑑𝑠

𝑡

0
 

                           𝒯(𝜐)𝑦(𝑡) = 𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
 

Then the random integral equation equivalent to random operator  

                        𝑦(𝑡, 𝜐) = 𝒮(𝜐)𝑦(𝑡)𝒯(𝜐)𝑦(𝑡)   for all 𝑡 ∈ 𝑅+ 

We have shown that the operators 𝒮(𝜐) and  𝒯(𝜐)  satisfies theorem (3.2). In the theorem we 

have proved that 𝒮(𝜐) is Lipschitz with Lipschitz constant  𝐾2 and 𝒯(𝜐) is completely 

continuous random operator. 

In theorem we have proven that 𝒮(𝜐) is Lipschitz and 𝑀(𝜐) = ‖𝒯(𝜐)([𝑎, 𝑏])‖. 

To prove that 𝒮(𝜐) & 𝒯(𝜐) are monotone nondecreasing on [𝑎, 𝑏] 

Let 𝑥, 𝑦 ∈ [𝑎, 𝑏] be such that 𝑥 ≤ 𝑦 then  

                               𝒮(𝜐)𝑥(𝑡) =
1

Γ(𝛼)
∫ (𝑡 − 𝑠)(𝛼−1)𝑝(𝑠, 𝑥(𝑠, 𝜐), 𝜐) 𝑑𝑠

𝑡

0
 

                                                  ≤
1

Γ(𝛼)
∫ (𝑡 − 𝑠)(𝛼−1)𝑝(𝑠, 𝑦(𝑠, 𝜐), 𝜐) 𝑑𝑠

𝑡

0
 

                                                  ≤ 𝒮(𝜐)𝑦(𝑡) 

For all 𝑡 ∈ 𝑅+ 

Similarly, 

                              𝒯(𝜐)𝑥(𝑡) = 𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑥(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
 

                                                ≤  𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
 

                                                ≤ 𝒯(𝜐)𝑦(𝑡) 

For all 𝑡 ∈ 𝑅+ 

Thus, random operators 𝒮(𝜐) and 𝒯(𝜐) are monotone non-decreasing operators on [𝑎, 𝑏] and 

hypothesis B4, a is lower random solution to FONRIE we have 

          𝑎(𝑡, 𝜐) ≤ [
1

Γ(𝛼)
∫ (𝑡 − 𝑠)𝛼−1 𝑝(𝑠, 𝑎(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] 

                            × [𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑎(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
] 

                       ≤ 𝒮(𝜐)𝑎(𝑡)𝒯(𝜐)𝑎(𝑡) 

For all 𝑡 ∈ 𝑅+ and 𝜐 ∈ Ω  

b is upper random solution of FONRIE we have 
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 [
1

Γ(𝛼)
∫ (𝑡 − 𝑠)𝛼−1 𝑝(𝑠, 𝑏(𝑠, 𝜐), 𝜐)

𝑡

0
 𝑑𝑠] 

  × [𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑏(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
] ≤ 𝑏(𝑡, 𝜐) 

                                                   𝒮(𝜐)𝑏(𝑡)𝒯(𝜐)𝑏(𝑡) ≤ 𝑏(𝑡, 𝜐) 

For all 𝑡 ∈ 𝑅+ and 𝜐 ∈ Ω  

∴ 𝒮(𝜐)𝑦(𝑡)𝒯(𝜐)𝑦(𝑡) ∈ [𝑎, 𝑏] 

For all 𝑦 ∈ [𝑎, 𝑏] 

Now, 

                   𝑀(𝜐) = ‖𝒯(𝜐)([𝑎, 𝑏])‖  

                              = 𝑠𝑢𝑝{‖𝒯(𝜐)𝑦‖: 𝑦 ∈ [𝑎, 𝑏]}   

                              =  { |𝒯(𝜐)𝑦(𝑡)|𝑡∈𝑅+

𝑠𝑢𝑝
}𝑦∈[𝑎,𝑏]

𝑠𝑢𝑝
 

                             = sup {  |𝑔(𝑡, 𝜐) +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1 𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)𝑑𝑠

𝑡

0
|𝑡∈𝑅+

𝑠𝑢𝑝
} 

                             = sup {  (|𝑔(𝑡, 𝜐)| +
1

Γ(𝜁)
∫ (𝑡 − 𝑠)𝜁−1|𝑞(𝑠, 𝑦(𝑠, 𝜐), 𝜐)| 𝑑𝑠

𝑡

0
 )  𝑡∈𝑅+

𝑠𝑢𝑝
} 

                              ≤ ‖𝑔(𝜐)‖ + 𝐾1 

And therefore 𝛼(𝜐)𝑀(𝜐) = 𝐾2(‖𝑔(𝜐)‖ + 𝐾1) < 1 

For each 𝜐 ∈ Ω 

Hence by theorem (4.4) FONRIE has a minimal random solution 𝑦𝑚 and a maximal random 

solution 𝑦𝑀 in [𝑎, 𝑏] 

Moreover, 

𝑦𝑚(𝜐) = lim
𝑛→∞

𝑥𝑛(𝜐)   ;      

 𝑦𝑀(𝜐) = lim
𝑛→∞

𝑦𝑛(𝜐)         

Where {𝑥𝑛+1(𝜐)} and {𝑦𝑛+1(𝜐)} are defined by theorem. 

 

Example: Let 𝜐 ∈ Ω = [0,1]  and 𝜉 =
2

3
 , 𝜁 =

1

3
  with FONRIE 

 𝑦(𝑡, 𝜐) = [ 
1

Γ(
2

3
)

∫ (𝑡 − 𝑠)(
2

3
−1)

𝑒−5𝑠(1 + 2𝜐) tanh 𝑦  𝑑𝑠 
𝑡

0
] 

                   × [𝜐
𝑒−3𝑡

20
+

1

Γ(
1

3
 )

∫ (𝑡 − 𝑠)
1

3
 −1 𝑒

−𝑠

2  (1 + 𝜐2)
𝑡𝑎𝑛−1(𝑦)

𝜋/2
𝑑𝑠

𝑡

0
]                            (3) 
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Solution: Here, 

 𝑝(𝑡, 𝑦, 𝜐) = 𝑒−5𝑡(1 + 2𝜐) tanh 𝑦 , 

𝑞(𝑡, 𝑦, 𝜐) = 𝑒
−𝑡

2  (1 + 𝜐2)
𝑡𝑎𝑛−1(𝑦)

𝜋/2
  and 𝑔(𝑡, 𝜐) = 𝜐

𝑒−3𝑡

20
  

H0: For fixed  𝑡, 𝑦 the map 𝜐 → 𝑒−5𝑡(1 + 2𝜐) tanh 𝑦 is polynomial in 𝜐, hence measurable. 

H1: for fixed 𝑦, 𝜐 the factor 𝑒−5𝑡(1 + 2𝜐) tanh 𝑦 is continuous in 𝑡, hence Rieman integrable. 

H2: |𝑝(𝑡, 𝑦(𝑡, 𝜐), 𝜐) − 𝑝(𝑡, 𝑧(𝑡, 𝜐), 𝜐)| = 𝑒−5𝑡(1 + 2𝜐)|tanh 𝑦 − tanh 𝑧| 

                                                                   ≤ 𝑒−5𝑡(1 + 2𝜐)|𝑦 − 𝑧| 

∴  ℒ(𝑡, 𝜐) = 𝑒−5𝑡(1 + 2𝜐) ∈  𝐿1( 𝑅+, 𝑅) 

H3: 𝑝(𝑡, 𝑦, 𝜐) = 𝑒−5𝑡(1 + 2𝜐) tanh 𝑦 

        |𝑝(𝑡, 𝑦, 𝜐)| ≤ 𝑒−5𝑡(1 + 2𝜐) 

       So 𝜙(𝑡, 𝜐) = 𝑒−5𝑡(1 + 2𝜐) ∈  𝐿1( 𝑅+, 𝑅) 

H4: 𝑔(𝑡, 𝜐) = 𝜐
𝑒−3𝑡

20
 is continuous in 𝑡 measurable in 𝜐.  

|𝑔(𝑡, 𝜐)| ≤
𝑒−3𝑡

20
  vanishes as 𝑡 → ∞  

Now ‖𝑔(𝜐)‖ =
1

20
= 0.05 

H5: 𝑞(𝑡, 𝑦, 𝜐) = 𝑒
−𝑡

2  (1 + 𝜐2)
𝑡𝑎𝑛−1(𝑦)

𝜋/2
  for fixed 𝑡, 𝑦  (𝑡, 𝑦, 𝜐) is polynomial in 𝜐 hence 𝑞(𝑡, 𝑦, 𝜐) 

is measurable. 

H6: |
𝑡𝑎𝑛−1(𝑦)

𝜋/2
| =

|𝑡𝑎𝑛−1(𝑦)|

𝜋/2
≤ 1 

So |𝑞(𝑡, 𝑦, 𝜐)| ≤ 𝑒
−𝑡

2  (1 + 𝜐2) hence 𝜓𝑟(𝑡, 𝜐) = 𝑒
−𝑡

2  (1 + 𝜐2) ∈  𝐿1( 𝑅+, 𝑅) 

Now,  𝐾1 = sup {
1

Γ(𝜁)
𝒱(𝑡, 𝜐): 𝑡 ∈ 𝑅+ , 𝜐 ∈ Ω }  

where 𝒱(𝑡, 𝜐) = ∫ (𝑡 − 𝑠)
1

3
−1𝑡

0
𝑒

−𝑠

2  (1 + 𝜐2)𝑑𝑠 ≤ 2 ∫ (𝑡 − 𝑠)
1

3
−1𝑡

0
𝑒

−𝑠

2  𝑑𝑠 

∴ 𝐾1 = sup {
2

Γ(𝜁
1

3
)

∫ (𝑡 − 𝑠)
1

3
−1𝑡

0
𝑒

−𝑠

2  𝑑𝑠} 

Put 𝐼1(𝑡) = ∫ (𝑡 − 𝑠)
1

3
−1𝑡

0
𝑒

−𝑠

2  𝑑𝑠 

Put 𝑡 − 𝑠 = 𝑛 ⇒ 𝑑𝑛 = −𝑑𝑠 

𝐼1(𝑡) = ∫ 𝑛
1
3

−1

𝑡

0

𝑒
−(𝑡−𝑛)

2  𝑑𝑠 = 𝑒−
𝑡
2 ∫ 𝑛

−2
3

𝑡

0

𝑒
𝑛
2  𝑑𝑛 
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sup 𝐼1(𝑡) ≈ 1.4860 

∴  𝐾1 ≈
2

2.6789
× 1.4863 ≈ 1.1096 

And  𝐾2 = sup{
1

Γ𝜉
∫ (𝑡 − 𝑠)𝜉−1 ℒ(𝑠, 𝜐) 𝑑𝑠 }  

𝑡

0
  

               = sup{
1

Γ
2

3

∫ (𝑡 − 𝑠)
2

3
−1 𝑒−5𝑠(1 + 2𝜐) 𝑑𝑠 }  

𝑡

0
  

               = sup{
3

Γ
2

3

∫ (𝑡 − 𝑠)
−1

3  𝑒−5𝑠 𝑑𝑠 }  
𝑡

0
  

Let 𝐼2 = ∫ (𝑡 − 𝑠)
−1

3  𝑒−5𝑠 𝑑𝑠   
𝑡

0
 

= ∫ 𝑚
−1
3  𝑒−5(𝑡−𝑚) 𝑑𝑚  = 𝑒−5𝑡  

𝑡

0

∫ 𝑚
−1
3  𝑒5𝑚 𝑑𝑚

𝑡

0

 

sup 𝐼2(𝑡) ≈ 0.3036 

𝐾2 ≈
3

1.3541
× 0.3036 ≈ 0.6726 

∴ 𝐾2(‖𝑔(𝜐)‖ + 𝐾1) ≈ 0.6726(0.05 + 1.1096) ≈ 0.7799 < 1 hence from H0-H6 and theorem 

(3.2) the equation (3) has random solutions and these are locally attractive. 

5. Conclusion 

In this study, we demonstrated the existence and local attractivity of random solutions using a 

hybrid fixed-point theorem under Lipschitz and Caratheodory conditions. Also, we have 

discussed extremal solutions. The illustrative example confirmed the applicability of the 

theoretical results and demonstrate the effectiveness of the proposed approach. This example 

is combining the theory and application which gives ideas for future research in related areas.  

The findings of this study extend a number of existing theories for deterministic and non-

fractional random integral equations to a more general stochastic fractional context. Further 

research may focus on extending these results to more general classes of random fractional 

integro-differential systems and exploring numerical method for their approximation.

References: 

Ali Akgül, Sarbaz H.A. Khoshnaw, Application of fractional derivative on non-linear 

biochemical reaction models, International Journal of Intelligent Networks, 1, (2020), 

52-58. 

A.T. Bharucha-Reid, Fixed point theorems in probabilistic analysis, Bulletin of the American 

Mathematical Society, 82, (1976), 641-657. 

Areerat Arunchai and Somyot Plubtieng, Random fixed point theorem of Krasnoselskii type 

for the sum of two operators, Fixed Point Theory and Applications, 2013:142, (2013), 

2-10. 



International Journal of Science and Technology (IJST) 

ISSN: 3049-1118, Volume- 3, Issue- 2 (April - June 2026) 

IJST       www.ijstjournal.com        56  

 

B. C. Dhage, Random fixed point theorems in Banach algebras with applications to random 

integral equations, Tamkang Journal of Mathematics, 34(1), (2003), 29-44. 

https://doi.org/10.5556/j.tkjm.34.2003.270 

B. C. Dhage, Nonlinear functional random differential equations in Banach algebras, Tamkang 

Journal of Mathematics,38(1), (2007), 57-

73.  https://doi.org/10.5556/j.tkjm.38.2007.94 

B. C. Dhage, Sotiris K. Ntouyas, Existence and Attractivity Results for Nonlinear First Order 

Random Differential Equations, Opuscula Mathematica, 30(4), (2010), 411-429. 

B. D. Karande, Fractional Order Functional Integro-Differential Equation in Banach Algebras, 

Malaysian Journal of Mathematical Sciences, 8, (2014), 1-16. 

Faten H. Damag, Adem Kilicman, Awsan T. AI. Arioi, On hybrid type nonlinear fractional  

integrodifferential equations, Mathematics, 8(6), 984, (2020), 1-14. 

https://doi.org/10.3390/math8060984 

Granas A. and Dugundji J., Fixed point theory, New York: Springer, 14, (2003), 15-16. 

I. podlubny, Fractional Differential Equation, Academic Press, San Diego, (1993). 

J. A. Tenreiro Machado, Manuel F. Silva, Ramiro S. Barbosa, Isabel S. Jesus, Cecilia M. Reis, 

Maria G. Marcos, and Alexandra F. Galhano, Some applications of fractional calculus 

in engineering, Hindawi Publishing Corporation Mathematical Problems in 

Engineering, 1, (2010), 1-34. https://doi.org/10.1155/2010/639801 

Porpattama Hammachukiattikul, Arusamy Mohanapriya, Anumanthappa Ganesh, 

Grienggrai Rajchakit, Vediyappan Govindan, Nallappan Gunasekaran  and Chee Peng Lim, A 

study on fractional differential equations using the fractional Fourier transform, 

Hammachukiattikul et al. Advances in Difference Equations 2020:691, (2020), 2-22. 

Said Abbas, Nassir Al Arifi, Mouffak Benchohra and Yong Zhou, Random Coupled Hilfer and 

Hadamard Fractional Differential Systems in Generalized Banach Spaces, 

Mathematics, 7, 285, (2019), 2-15. 

Salah Boulaaras, Rashid Jan, and Viet-Thanh Pham, Recent advancement of fractional calculus 

and its applications in physical systems, Eur. Phys. J. Spec. Top, 232, (2023), 2347–

2350. 

Saïd Abbas, Mouffak Benchohra, Fractional order integral equations of two independent 

variables, Applied Mathematics and Computation, 227, (2014), 755-761. 

Shuqin Zhang, and Lei Hu, Unique existence result of approximate solution to initial value 

problem for fractional differential equation of variable order involving the derivative  

arguments on the half-axis, Mathematics, 7(3), 286, (2019), 20-23. 

S. C. Malik and Savita Arora, Mathematical Analysis, New Age International (P) Limited, 

Publishers, (1982). 

https://doi.org/10.5556/j.tkjm.34.2003.270
https://doi.org/10.5556/j.tkjm.38.2007.94
https://doi.org/10.3390/math8060984
https://doi.org/10.1155/2010/639801


International Journal of Science and Technology (IJST) 

ISSN: 3049-1118, Volume- 3, Issue- 2 (April - June 2026) 

IJST       www.ijstjournal.com        57  

 

Yi Herng Cheow, Kok Haur Ng, Chang Phang, Kooi Huat Ng, The application of fractional 

calculus in economic growth modelling: An approach based on regression analysis, 

Heliyon, 10(15), (2024). 

Weiwei Liu and Lishan Liu, Existence of Solutions for the Initial Value Problem with 

Hadamard Fractional Derivatives in Locally Convex Spaces, Fractal Fract., 8, 191, 

(2024), 2-30. 

 


