International Journal of Science and Technology (IJST)
ISSN: 3049-1118, Volume- 2, Issue- 4 (Oct — Dec 2025)

Further Congruences For [j, k] — Overpartition with Even Parts
Distinct

Pradip Bahadur Chetri’
Department of Mathematics, Lumding College,
Lumding, Assam-782447, India

Abstract:

Naika, MS Mahadeva, Harishkumar T, and T. N. Veeranayaka [1] defined ped k(M)
as the number of [j, k]- overpartitions of a integer n > 0 with distinct even parts and with the
restriction that the first occurrence of each distinct part congruent to j modulo k may be
overlined. This paper presents some infinite families of congruence modulo powers of 2 for
pcﬁw (n) and pﬁ% (n). For example,

- 3.p2a+2 _
peds 3 (6.p2“+1- (pn +w) + 1 > = 0 (mod 8)

pedsc(24.p%%*L. (pn° + m) + 13.p2%*2)q™ =0 (mod 4)

Keywords: Congruences, Partition, Generating function, Overpartition, [j, kJ-overpartition

1. Introduction

A partition of a positive integer z is a non-increasing sequence A; = 4, > 13 >
......... > A, of positive integers such that

It is denoted by p(n) with p(0) = 1 and the generating function is given by

ip(n)q”= SR
n=0 (qlq)oo fl

where

e = (@% ¢ = 1_[(1 —qkm), lql <1, k=>1.
n=1

Ramanujan [2] [3] studied the arithmetic properties of p(n) and established the
following three congruences

p(5n + 4) = 0(mod5)
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p(7n + 5) = 0(mod?7)

p(11n + 6) = 0(mod11)

An overpartition [4] of an integer n > 0 represented by p(n) is a partition with the first
occurrence of a part may be overlined. For example, p(2) = 4 given by

2, 2, 141, 1+1

Corteel, S., & Lovejoy, J. [4] expressed the generating function as follows

N f2
Z p(n)q" = 2
n=0 1
In [1], Naika, M. S., et al. defined [j, k] —overpartitions of an integer n = 0 denoted by

ped (n) with distinct even parts and the first occurrence of each distinct part congruent
to j modulo k may be overlined. The authors defined the generating function as

S @490 (—97; 9%)
edi,(n)q" = =
;p M (@ D)oo

(1.1)

2. Preliminaries

In this section, some important notations, identities and important lemmas, which will be used
to establish the results will be discussed

Ramanujan's general theta function [ [5], p.34, Equation 18.1] is

> n(n+1) nmn-1)
f(a,b)zZa—z b7, |ab|<1

n=0

Using Jacobi’s Triple product identity [ [5], p.35, Entry 19], we have
f(a,b) = (—a; ab)e (—b; ab)(ab; ab) o
Three special cases of f(a, b) are [ [5], p.36, Entry22]

NP
= s k =

&(@) = f(q,9) Zq o
o k(k+D)  fR

W@ =Fa) =Y ¢ 52 = ’;—
n=0 1
- (Bk+1)

f=f-a-a)= Y (D% 5 =f

Lemma 2.1. [6] The following 2-dissections holds:

1 f R
— = 2.1
fl4 f214f84 + 4q f210 ( )
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. fLfe . fafi
fl _f42f126 ZC[ f8 (22)

Proof of Lemma 2.1, can be found in Berndt [ [6], Entry 25, p. 40].

Lemma 2.2 [7] The following 2-dissections holds

AT
F2fMofh - faffafas
t T

(2.3)

f2 f5fafoa

(2.4)

Proof. (2.3) and (2.4) are equivalent to Eq. (22.7.5) and (30.9.9) of Hirschhorn [ 7], respectively.

Lemma 2.3 We have the 3-dissection

(2.5)

fa fiafis fEf5 fse , fef18f36
=302 Y4 am T2 3
fi 315 3 f1s f3
Proof. Lemma. 2.3 follows from [8] Theorem 3.1 and [9] Lemma.2.6

Lemma 2.4 [10] For any odd prime p, we have

> k%+k p?+(k+1)p p?—(k+1)p
v@=)qz2 f(q 2 q 2

k=0

2_
)+ qp 8 1¢(qu)

-1
Moreover, for,0 < k < pT

k?+k 21
ip
2 8

(mod 8)

Proof. For proof of the Lemma see [10], Theorem 2.1

Lemma 2.5 [10] For each prime, p > 5, we have

p—1

2 p 3k2+k 3p%+(6k+1)p 3p2—(6k+1)p p-1 p®-1
fi= D DR T f(—a 2 mg 2 )+ (DTS q 7 fy

jo D1
p—1

2
kextPe—

p—-1 _
~ — p =1(mod6)
Where it _ 6

6 % p = —1 (mod 6)
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<k Sp—_l and k# =
2 6

Furthermore, if %

3k +k

Then — (mod D).

Proof. For the proof of the Lemma See [10], Theorem 2.2.

Lemma 2.6. Givena prime p and integers j = 0,k = 0 and m = 0,we have
7 = 5 (mod )

For any odd prime p and a positive integer a relative prime to p, the

Legendre symboll ( ) is defined as

(E) _ { 1, if ais a quadratic residue of p
p/ =1, if aisaquadratic non — residue of p

3. CONGRUENCES FOR ped; 5(n)

Theorem. 3.1 Suppose p is a prime and <_712) =—1.For 1<w <p-—1, and any

integer a = 0,we have

N nod 2a 13_p2a —1 n 4
Z edss (6.2 n+ )" = 4/9(@") (mod 8) (3D
n:
_ 13.p%%+2 — 1
peds (6.p2“+1. (pn+w) + 2 > = 0 (mod 8) (3.2)
Proof. Setting j = 3 and k = 3 in (1.1), we have
N — fuf
Z eds3(n)q" = f4f6 (3.3)
— 1/3
Making use of (2.5) in (3.3), we obtain
S — fo (Fafis | RS fohof
> tsan = o (Lakhy S he oy pfihe) o
~ 3 \J3 /36 3 J18 3

3n+1 3n+2

From (3.4), collecting the terms of the form ¢3", g and g and then replacing g3

by q, we obtain

N fofufd

d;-.(3n)g" = 3.5
® 3.3
Z pedss(3n + 1)q" = fzf?f?z (3.6)

0

S
1l
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had 2
and Z peds;(3n+2)q" = 2 3 ;64](12 (3.7)
n=0 1

Using (2.1) in (3.5), we have

*® o f15f4 f3f4f4—
z pedss(3n)q" =5y + 49 s
2 f8 f12 2 f12

n=0

1
2n+1 replacing g with gz , we have

213 fa
ffs

Extracting the terms that include g

z pedss(6n +3)q" =4 (mod 8)
n=0

Using Lemma. 2.6 for p = 2 and j = 3, we obtain

D bedss(6n+3)q" =4 £, £ (mod 8)
n=0

=4 f1¥(q*) (mod 8) (3.8)

(3.8) is the @ = 0 case of (3.1). Suppose (3.1) holds for some ¢ = 0. Using Lemma. 2.4 and
Lemma. 2.5 in (3.1), we obtain

2 3x%+x 3p2+(6x+1)p 3p2—(6x+1)p
= 4 Z(—l)"QZf—q 2 ,—q 2

+p-1 p?-1

+(-1)76 q 2% fz| X Z g2 ) (q2(0*+@y+Dp) | g2(p*~(2y+1)p)y

n=0

p’-1

+q 2 w(q4p2)] (mod 8)

(3.9)
Consider the congruence

3x2 +x 13(p? — 1)
2 =__ > 7
S T207+t=—07p

(mod p)

which is equivalent to
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(6x+ 1)2+12 2y +1)? =0 (mod p) (3.10)

For (—2) = —1, (3.8) have only the solution x = ©2=2 and y = 2%, Extracting those terms
" y 6 2

13(p?-1) 13(p%-1) 1

that involve g”"* 22 from (3.9), dividing both sides by g~ 2+ _, and replacing q with g7
, we obtain

S 13.(p%2 — 1)\ 13.p%% —1
Z peds 3 (6.p2“. (pn + (2924 )> + P 2 )q” =4 f, Y(q*?) (mod 8) (3.11)

n=0

which yields

had 20+2 _
Z peds, (6 p¥etln %) q" =4 f, Y(q*?) (mod 8) (3.12)

n=0

Again, extracting the terms that include gP", we obtain

13_p2a+2 -1
4

i
s

peds 3 (6-P2a+2-" + )qn = 4 f; Y(q*) (mod 8)

Thus (3.1) holds for « + 1. Thus (3.1) always holds.

Finally, extracting the terms that include gP"*%, 1 <w < p — 1 from (3.12), we obtain
(3.2).

Theorem. 3.2 Let p be any prime such that (_?6) =—1l,and 1<u<p-11IF=

0 be an integer then

S 5.p%f —1
z eds (6 p?B.n + T) q® = £, Y(q) (mod 4) (3.13)
n—— 5.p2f+2 —
peds 3 <6.p2ﬁ+1. (pn +u) + 2 > = 0 (mod 4) (3.14)
Proof. From (3.6) and making use of (2.1) and (2.3)
N n_ Ffi2 (fi
> petson e gt = e (5) ()
fz fi2 (fife f12 fi fs)
3.15
T <f2flz+ f)( Top + 4 315

On extracting only the terms with even power of g from (3.15) and replacing g2 by q, we
have
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17

z pedss(6n + 1)q" = % (mod 4)
~ 1 Ja

Thanks to Lemma 2.5 for p = 2 and j = 2, we obtain

o

> bedss(6n+ g™ = £, (a) (mod 4 (3.16)

n=0

(3.16) is the B = 0 case of (3.13). Assume (3.13) holds for some f > 0. Using Lemma. 2.4
and Lemma. 2.5 in (3.13), we obtain

SN 5.p2f — 1
Z peds s (6. p?B.n+ PT> q"
n=0

(_1)xq3x2+x f(_q3p2+(6x+1)p’ _q3p2—(6x+1)p)

Il
1+

2
+p-1 p3-1 yi+y  p*+Qy+p  p*-Qy+Lp
+(=1) 6 q 24 fr2|X qg 2 f(@ 2 q 2 )
n=0
(o)
+q 8 \7 J|(mod 4) (3.17)

Consider the congruence

2 + 5(p* — 1
(3x2+x)+y 5 Y = (p24 ) (mod p)

Above congruence yields

(12x + 2)2 + 6(2y + 1)2 =0 (mod p)

- . +p— - .
For (?6) = —1, above congruence has only solution x = _Tl andy = p2_1. Extracting

5(p%-1) 5(p2-1)
terms that include """~ z¢  from (3.17), dividing by g~ 2= and replace qP with q, we

have

< 5(p? — 1 5.p26 — 1
Zped&g (6.p2ﬁ.(pn+ (p24 ))‘+ P 2 )q" = fop ¥ (qP) (mod 4)

n=0

which implies
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2 5.p2F*2 — 1
Z peds 3 (6.p23+1.n‘ + T) q" = fop ¥ (qP) (mod 4) (3.18)
n=0

Extracting the terms that include gP" from (3.18) and replacing g” by q, we obtain

2 5.p2h+2 — 1
> pedss (6.p2ﬁ+2.n‘ +T) a" = £, (@) (mod 4

which is the § + 1 case of (3.13). Thus, by induction (3.13) holds for all integer n > 0 and
g =0.

Also, (3.14) is obtained from (3.18) on extracting gP"*" with 1 < v < p — 1 from both
sides.

4. CONGRUENCE OF ped;¢(n)

Theorem. 4.1 Suppose p is any prime such that (_?4) =-1land1<m <p-1. Forany

integern = 0 and § = 0, we have

peds(12n +7) = 0 (mod 4) (3.19)
Z peds o(24.p%.1 +13.0%°)q" = 2 fi9 (g% (mod 4) (3.20)
n=0
and  pedss(24.p*%*1. (pn’ + m) + 13.p?%%2)q" =0 (mod 4) (3.22)

Proof. Setting j = 3 and k = 6 in (1.1), we have

N & (fa
Z edys () g = 2 (7) (3.23)
Using (2.5) in (3.23), we have
N ffls  fif3fae f63f18f36>
d 292 ——"= 3.24
D, Peds () 4" (f34136+qf35f12ﬁ28+ T i (3:24)

n=0
Extracting those terms that include powers of g with 1 modulo 3 from (3.24) and replacing q

1
with g3, and thanks to Lemma. 2.6, we obtain

n_f24f33f12 _ f2' frz <f3> < )
pedss G+ Da" =75 = 2\ )\ (3.25)

M8

n=0
Employing (2.1) and (2.3) in (3.25),
fi fi'fs | fitf L fofih

= et o A e

Z peds, (3n+ 1) q" (3.26)
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1
Extracting those terms that include g™ and g?™*?! from (3.26) and replacing q with gz, we
have

N £ i
z Ty (6n+1) " = £ + 40 5 (3.27)

n:

f2 fi fo f2?
pedzs (6n +4) q" =4 + (3.28)
ZO 3,6 f18 f110f32f44
Using Lemma. 2.5 in (3.27), we have
f8
Z pedss (6n + 1) q" = —5= (mod 4) = f;* (mod 4)
1 Ja
= f2 (mod 4) (3.29)
Extracting the terms containing g™** from (3.29), we have
pedss(12n+7) = 0 (mod 4)
Extracting the terms containing g™ from (3.29), we have
Z dss (120 + 1) q" = 2 (mod 4) (3.30)
Utilizing (2.2) in (3.30), we have
d 2
Z peds¢ (12n + 1) q" (;2};8 —2q fz}{“) (mod 4) (3.31)
~ 4 J1e 8
Extracting those terms containing g?™** from (3.31), we have
fifé _ 4
peds e (24n + 13) g™ 7 (mod 4) = 2 f ¥ (q*) (mod 4) (3.32)
4

n=0

(3.32) 1s the @ = 0 case of (3.20). Assume (3.20) holds for some a = 0. Using Lemma. 2.4
and Lemma. 2.5 in (3.20) and following the same steps as in the proof of (3.1), we obtain

M8

dse (24.p?°* . n 4+ 13.p%0%2) g™ = 2 £, (¢*P) (mod 4) (3.33)

n=0

1
Extracting those terms that include gP" from (3.33) and replacing q with g, we obtain

z peds e (24.p*0% 2. n + 13.p2°*2) q" = 2 f; ¢ (q*) (mod 4)

n=0

This shows (3.20) is valid for @ + 1. Thus, by induction (3.20) holds for all integer n > 0
and a > 0.
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Finally, extracting terms containing g P**™, where 1 < m < p — 1 from (3.33), we obtain
(3.22).

Theorem. 4.2 Suppose p is any prime such that (_?9) =—land1<u <p-1.Forany

integer n = 0 and 8 = 0, we have

peds ¢(24n + 22) = 0 (mod 4) (3.34)
Z peds; ¢(24.p%* .m0 + 10.p?%)q™ = 2 f, ¢ (¢°) (mod 4) (3.35)
n=0
and  peds(24.p*** L. (pn’ +u) + 10.p?**2)q™ =0 (mod 4) (3.36)

Proof. Using Lemma. 2.6 in (3.28), we have

- 217
Z pedsq (6n + 4) q" = —75 (mod 4)
n=0 1
2 ¢2
= f;? (mod 4)
1

Utilizing (2.4) in (3.37), we have

fi fefts f4f62f8f24>

;M“ (en+4q" = fe. <f25fsfz4 T

1
Extracting those terms that contains g?™*1, and replacing g by gz, we obtain
® 4
Z peds s (12n 4 10) q" = ZM (mod 4)
4 e
Thanks to Lemma. 2.6, we have
2 peds ¢ (12n +10) q* = 2 f, f3(mod 4) (3.38)
n=0

Extracting the terms containing g2™** from (3.38), we obtain (3.34).

1
Extracting terns containing g2" from (3.38) and then replacing q with gz, we have

Z peds ¢ (24n +10) q" = 2 f; £ (mod 4)
n=0

(3.35) holds for @ = 0. Suppose (3.35) holds for some integer « = 0. Utilizing Lemma 2.4
and Lemma. 2.5 in (3.20) in (3.35), we obtain

1JST www.ijstjournal.com 204



International Journal of Science and Technology (IJST)
ISSN: 3049-1118, Volume- 2, Issue- 4 (Oct — Dec 2025)

Z peds(24.p%%. 1 + 10.p?**)q™

n=0

1l
(N

2 3x2%+x 3p2+(6x+1)p 3p2—(6x+1)p
Z D% z f{-9a z ,—q 2

tp-1 p?-1 - 3(y2+y) 3(%+@y+1)p)  3(p*-QRy+1)p)
Z g 2 f(q 2 ,q 2 )
n=0

3(p%-1) 2
+q 5 " )] (mod 4) (3.39)

Consider the congruence

3x2 +x N 3(y%2+y) _ 10(p? — 1)
2 2 - 24

(mod p)

Above congruence implies
(6x +1)2+9Q2y +1)? =0 (mod 4)

For (_?9) = —1, the last congruence has only the solution x = % andy = pT_l _Therefore

10(p2-1) 10(p?-1)
collecting those terms that contains g°™*~ 22 from (3.39), dividing by ¢~ 2¢ _and then
1

replacing g with g», we obtain

o)

zpﬁ&é(m.pwﬂ.n\ +10.p***2)q™ = 2 f, Y(q°P) (mod 4) (3.40)

n=0

Extracting those terms that include qP" from (3.40), we have

> peds (24520 + 1007 )q" = 2 f1p(g*) (mod )
n=0

Thus (3.35) holds for @ + 1. Thus (3.35) always holds.
Finally, extracting those terms containing gP"**.1 <u < p — 1 (3.40), we obtain 3.36).
Theorem 4.3. For all integersn = 0 and a = 0, we have

pedse (6n +5) = 0 (mod 4) (3.41)
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® 3
Z pedsq(3.229% 1 n + 22¢4)gn = I5 (mod 4) (3.42)
] fi

Z peds(3.22¢%3.n + 5.220%2)g" = 0 (mod 4) (3.43)

n=0

Proof. From (3.24), utilizing Lemma 2.6 we have

3 3
f3 fef1z = zfi (mod 4) (3.44)

fi'fa f2

Z M&G (3" + 2) - 2
n=0

Extracting the terms containing g™ and g?™** from (3.42) and then replacing g2 by g, we
have
f3

Z pedsq (6n +2)q™ =2 T (mod 4) (3.45)
1
n=0

and peﬁw (6n+5) =0 (mod 4)

(3.45) is the @ = 0 case of (3.42). Assume (3.42) is valid for some integer a > 0. Employing
(2.23) in (3.42), we obtain

3
L gl

f22f12 f4

ZM3,6 (3.22a+1.n + 22a+1)qn =

n=0

) (mod 4) (3.46)

Extracting those terms that include odd exponent of g from (3.46) , we obtain

® 3

peds (3.220%2 n 4 22043)qn = zj;i (mod 4) (3.47)
2

n=0

Similarly, extracting those terms containing g™ from (3.47), we obtain
fo

Z peds e (3.220%3 n 4 22043 gn =2 A (mod 4)
- 2

n=0

Above congruence is the @ + 1 case of (3.42). Thus (3.42) holds for all integer n = 0 and
a=0.

Finally, extracting terms of the form g?"** from (3.47), we obtain (3.43).
Theorem. 4.4. For all integer n = 0 and j € {1, 2,3 },we have

peds(3.229%3.n + 7.22%*1) =0 (mod 4) (3.48)
pedss(3.22% . n + (6j + 1).22%%1) =0 (mod 4) (3.49)

Proof. Extracting those terms of the type g™ from (3.46 and then employing Lemma. 2.6,
we have
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* 3,2
Z M3,6 (3 22a+2 + 22a+1)qn =2 fz f3
n=0

=20 (mod 4)
= 2 f, (mod) (3.50)

Since R.H.S of (3.50) is a function of g*, Therefore extracting the terms that include g2™*1

from (3.50), we arrive at (3.48).
Extracting those terms that include q‘””j ,Where j = 1,2,3, we obtain (3.50).

Theorem.4.5. Suppose p = 5 is any prime then for all integern > 0,a =20, >
and1 <j <p—1,we have

Z pedse (3. 229t p?P.n 4 22041 p2B)gn = 2 f; (mod 4) (3.51)
n=0
peds¢(3.22%%4 p2P+1(pn + j) + 2291 p2F+2) = 0 (mod 4) (3.52)

1
Proof. Extracting terms that include g*" from (3.50) and replacing q by g+, we obtain

peds e (3.220¢%4 n 4 220 )™ =2 f, (mod 4)

s

0

S
1]

which is the § = 0 case of (3.51). Assume (3.51) holds for some integer f = 0. Employing
Lemma. 2.6, we have

ZW“ (3.220+4 p2P 4 22a+1 p2B)gn

n=0
p-1
2
3k2+k 3p2+(6k+1)p 3p2—(6k+1)p
=2 Z (-D*q 2z f<—q 2 ,—q 2 )
tp-1 p2-1
+ (=1 6 q 24 f,2| (mod 4) (3.53)

p*-1

p2-1
Extracting those terms containing g”™* 2= from (3.53) and then dividing both sides by q 2=
and then replacing gP by g, we obtain

Z peds e (3.2204 p?F*l n 4 22041 p2B+2)gn =2 £ (mod 4) (3.54)

n=0
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Extracting those terms containing qP" from (3.54), we obtain

Z peds ¢ (3.226%4 p2h¥2 4 22a¥1, p2B+2)qn = 2 £, (mod 4)

n=0

Thus, (3.51) holds for 8 + 1. By induction (3.51) always holds.

Extracting the terms containing gP"*/,1 < j < p — 1 from (3.54), and replacing g? by q, we
obtain (3.52).

Theorem. 4.6 Suppose p is any prime such that (_?2) =—1and1<v <p—1 Forany

integer n = 0 and u = 0, we have

peds¢(24n + 23) = 0 (mod 16) (3.55)
D pedso(pH(24n +11)q" =8 f, $(a?) (mod 16) (3.56)
n=0
peds(24. p?#*t. (pn +v) + 11.p?#*2) = 0 (mod 16) (3.57)

1
Proof. Extracting those terms that include ¢3"*2 from (3.24), replacing g with g3, we obtain

c — ? 12 X 12 1
;ped3,6(3n +2)q" = zfzj;}]é pYE ];if <E>

(3.58)

Employing (2.1) in (3.58) and extracting the odd term, we have

N — it
z pedz¢(6n+5)q" = 8 75 (mod 16)
n=0

f2fi
f

=38 (mod 16) (3.59)

Utilizing (2.3) in (3.59), we obtain

RI2 )

f22f12 * 1 f4- (360)

Z M3,6(6n +5)q"=8f; (
n=0
1
Extracting the terms that include g?™** from (3.60), replacing g with gz we get

pedse(12n + 11)q™ = 8 £ 2 (mod 16) (3.61)

NgE

0

S
Il

Extracting the terms that include g?™** from (3.61), we obtain (3.55).

Extracting the terms that include g™ from (3.61) and replacing g2 by g, we obtain
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Z peds ¢(24n + 11)q" = 8 £ £ (mod 16)

=8 f, ¥(¢*)(mod 16)

Which shows that (3.55) is true for @ = 0. Assume (3.55) holds for some integer a > 0.
Employing Lemma 2.4 and Lemma. 2.5 in (3.55), we have

Z peds¢(24. p?f.n+ 11.p?F)q"
n=0

ki
[y

(_1)xq3x2+x f(_q3p2+(6x+1)p’ _q3p2—(6x+1)p)

Il
1+

"3
p_n

x=—

2
p—1
X+ i—6

+p-1 p3-1 3(y? +Y) 3(p? +(2y+1)p) 3(p? —(2y+1)p)
+(=1) 6 q 12 fye Zq 2 f(q .q )

+ qg(lg8 1)¢( )‘ (mod 16)

(3.62)
Consider the congruence
3(y*+y) _11(p*—1)
2 =
(Bx*+x)+ > = n (mod p)
which implies
2(6x +1)2 + (6y + 3)? = 0 (mod p) (3.63)

For (_?2) = —1, the congruence (3.63) has only the solution x = % andy = pT_l. Therefore,
11(p%-1) 11(p%-1)

from (3.63), dividing throughoutby g~ 2+ and

+

extracting the terms that include g”"
then replacing gP™ by q, we obtain

Z pedss(24. p*tin 4+ 11.p%*+2)q" = 8 f,, Y (¢°P) (mod 16) (3.64)

Extracting the terms that include gP™ from (3.64) and replacing g by g, we have
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> pedso(24 pP2n+ 112 4)q" = 8 £, 1 (¢°) (mod 16)
n=0

which shows that (3.56) is true for § + 1. Hence, by induction (3.56) is proved.

Similarly, extracting the terms that include g?"*¥,1 < v < p — 1, we obtain (3.57).
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