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Abstract 

 Plasma parameters of argon dc glow discharge at 1torr pressure are numerically analyzed. 

Governing equations are based on the drift-diffusion theory and solved by lattice Boltzmann method 

(LBM) and finite difference method (FDM). The LBM is employed on non-uniform grid, which is 

checked by simulating lid-driven cavity flow. Analysis of glow discharge with fixed temperatures for 

plasma species is performed for comparison between the results on the uniform grid and on the 

non-uniform one. The results show that the latter is required less computational cost than the former. 

The simulation of glow discharge is performed with temperature field, whose results are in good 

agreement with those from the experiments and by COMSOL. 

Keywords: Glow discharge, Lattice Boltzmann method, Non-uniform grid, Multi-field, 

Computational fluid dynamics. 

1. Introduction 

Most practical plasmas, including arc discharge and glow discharge, are weakly ionized plasmas 

under non-equilibrium condition. That is, the temperatures of the heavy species and the electrons are 

not the same (
ie TT  ). In addition, the temperature distributions of the species are also not uniform 

inside the discharge tube, which are necessary in order to account for energy conversion, such as 

optical and thermal phenomena, ionization, excitation, etc. 

In the past, there have been many efforts to analyze the parameter distributions of non-equilibrium 

glow discharge plasma. Rafatov et al. (2007) assumed that the temperatures of electrons and ions are 

constant and led the similar density distributions as the experimental results through the simulation 
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for the charged species only in the density field. Also, many works (Fu et al., 2011; Fu et al., 2014; 

Mahadevan & Raja, 2010) carried out in the multiple fields with the consideration of the temperature 

field, most of which assumed only the temperature of the heavy species to be constant. However, 

Tereshonok (2014) assumed only the electron temperature to be constant and solved the energy 

equation for the heavy species. It is expected that these works made the different assumptions due to 

the various discharge conditions. 

The development of computational techniques improves the accuracy and stability of numerical 

simulations and makes them easier. Recently, the LBM has emerged as a powerful tool for 

computational fluid dynamics (CFD) analysis due to its advantages, such as relatively simple 

numerical structure, easy boundary processing, convenient parallel computation, etc. It has been 

widely used for not only fluid flow simulations, such as advection-diffusion flow (Dapelo et al., 2021) 

and convection heat transfer (Wang et al., 2022), compressible flow (Wilde et al. 2020) and 

multiphase-multicomponent flow (Fogliatto et al., 2021; Xue et al., 2020), but also plasma researches 

(Huang et al., 2024; Djebali et al., 2014) and radiative heat transfer (Patidar et al., 2017). Since the 

plasma simulations are performed in the multi-field, they take high storages and computational costs. 

To avoid this difficulty, nonuniform grid based lattice Boltzmann method (NLBM) (Fakhari & Lee, 

2015; Mondal & Mishra, 2008) are employed, which showed its advantages in a variety of 

benchmark problems. The key advantage is that detailed information in the region where large 

gradients of parameters exist can be obtained with low computational cost. The NLBMs have been 

used in many CFD models such as heat conduction (Mishra et al., 2009) and natural convection 

(Kuznik et al., 2007). 

In the present work, we establish a mathematical model for the densities and temperatures of the 

species and simulate by using the NLBM. It is the aim of this work to obtain more accurate results 

with the low computational costs for the plasma simulations. 

We begin by explaining the NLBM in Sect. 2.1. Then, in Sect. 2.2, we establish the governing 

equations for the fields of density and temperature in the glow discharge plasma, whose detailed 

physical parameters are given in Sect. 2.3. In Sect. 2.4, we also describe the macroscopic boundary 

conditions and the corresponding microscopic boundary conditions for LBM. We give the simulation 

results and their explanations in Sect. 3, and finally, in Sect. 4, we summarize the conclusions. 

2. Numerical model  

2.1. LBM on non-uniform grid 
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The NLBMs are provided in several works (Fakhari & Lee, 2015; Mondal & Mishra, 2008; Mishra 

et al., 2009; Kuznik et al., 2007), which describe the connection between the fine grid and the coarse 

one in different ways. We construct the following model based on the mathematical model of Fakhari 

& Lee (2015) for the simplification of the simulation. 

2.1.1. Mesh refinement and interpolation 

In contrast to the previous work (Fakhari & Lee, 2015) the fine grid for the glow discharge must be 

applied to the boundary layers because of the existing sharp change of parameters near them. The 

computation region and the grid refinement are shown in Figure. 1. The tube length is L=30cm and 

the tube radius is R=3cm. Here, the thicknesses of the fine layers are chosen to be 5mm and 2mm for 

the anode layer and walls, respectively, and 10 mm for the cathode layer. Also, the ratio between the 

sizes of the fine and the coarse grids is set to 2. 

Interpolation is applied for the connection between the coarse grid and the fine one. The influence of 

the fine grid on the coarse grid can be directly obtained from the distribution functions at the fine 

grid points corresponding to the coarse grid. However, for the influence of the coarse grid on fine 

grid, we use the linear interpolation at the coarse-fine boundaries. For example, in Figure 1, some 

distribution functions (k=3, 7, 6) on point B directions are unknown but ones on points A and C are 

known. Hence, we can obtain them as follows, 
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Figure. 1. Computational region for LB simulation of glow discharge. (Fine grids: Wall, Anode and Cathode 

layers. Coarse grid: Positive column). 
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2.1.2. Lattice Boltzmann Model 

The governing equations for glow discharge consist of the advection-diffusion equations for scalar 

quantities such as temperature, concentration and density. 
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,    (1) 

where ),( tx , ),( txu , ),( txD  and ),( txS  denote the density, the velocity, the diffusion 

coefficient and the source term at time t and position x , respectively. 

The discretized LB equation with the source term can be expressed as follows, 
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Propagation: ),(),( * txftttcxf kkk =++ .      (3) 

In the collision model, ),( txfk  represents the distribution function on k-direction at time t and 

position x , which is defined in D2Q9 model. Here, the discrete equilibrium distribution functions 

and the discrete source terms are 
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In addition, ccs 3/1=  represents the speed of sound. 
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In the propagation model, the distribution functions at the next time step can be obtained from the 

post-collision distributions ),( txfk


, for which the following interpolation is used (Fakhari & Lee, 

2015). 
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where   is the CFL number defined as kk xtc = . It is expected that the approach could lead 

to higher convergence by breaking the relationship between the grid time and the grid space in the 

propagation step. 

The density satisfies the following relationship with the distribution functions, 

2
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The above-mentioned LBM reaches second-order accuracy in time. The diffusion coefficient, 

mobility and other variables are discussed in detail in Sect. 2.3. 

On the non-uniform grid, the LBM separately operates on the fine grid and coarse one. There is no 

difference between the two operations in the collision step, but CFLs in the propagation step are 

different. That is, the above non-uniform process has the advantage of simplifying the operation by 

using the same dimensionless and computation algorithm for every grid by employing CFL number 

in the propagation step. 

2.2. Governing equations for glow discharge 

For the argon glow discharge, four species (ground state atom (Ar), excited atom (Ar*), cation (Ar+) 

and electron (e) are considered, and temperature distribution for the electrons is investigated. The 

temperature of the heavy species is assumed to be 0.025eV. The chemical reactions between the 

plasma species are shown in Table. 1. 

Table 1. Chemical reactions for argon glow discharge plasma. 

No Reaction Reaction rate, k Energy change [eV] 

R1 Ar+e→Ar++2e )/scm])(eV[/76.15exp(]eV[1027.1 35.08

ee TT − −  15.76 
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R2 Ar+e→Ar*+e )/scm)(/56.11exp(101 375.011

ee TT − −−  11.56 

R3 Ar*+e→Ar++2e )/scm)(/2.4exp(101 33.010

ee TT − −  4.2 

R4 Ar*+e→Ar+e )/scm](eV[106.8 374.010

eT−  -11.56 

R5 Ar++2e→Ar*+e )/scm(105 65.427 −− eT  -4.2 

R6 Ar++e→Ar )/scm(102 37−  -15.76 

R7 Ar*+Ar*→Ar++Ar+e )/scm(105 310−  -7.36 

R8 Ar*+Ar→2Ar )/scm(103.2 315−  -11.56 

 

As mentioned above, the glow discharge plasma is a weakly ionized plasma, therefore the density 

of the ground state species is almost unchanged. Hence, the governing equations can be written for 

the excited species, the cations and the electrons, 

sssss
s RnDnu
t

n
+=+




,       (10) 

where sn , su  and sD  represent the number density, the drift velocity and the diffusion coefficient 

of s-species, respectively. The drift velocity is assumed to be linearly dependent on the electric field: 

Eu ss s= ,         (11) 

where s  is the mobility of s-species, s  is set to 1 for the cations, -1 for the electrons, and 0 for 

the excited species. In addition, sR  represents the production or the loss of the species of interest, 

which can be expressed by the plasma chemical reactions as follows. 
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where ‘i’, ‘*’ and ‘e’ represent the cations, the excited species and the electrons, respectively, and 
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jk  is the rate coefficients of the j-th reaction, )( E  is the Townsend coefficient and eΓ  is the 

electron flux density, 

eeeee nDunΓ −−= .       (15) 

The electron energy determines by the following electron energy conservation equation, 

eeeee
e GQQu

t

Q
+=+




 ,      (16) 

where eQ  is the energy density of the s-species, 


eu  is the energy drift velocity of the electrons, 

e  is the energy diffusion coefficient for the electrons and EjGe =  is the energy source term by 

the Joule heating. The electron temperature is related to the energy density as follows, 

eee nTDQ Bk2/= ,        (17) 

where D is set to be 2 in two-dimensional. 

It can be seen that the heavy species means the ground-state species since its density is about 1e7 

times as large as one of the charged or the excited species. Its density is assumed to be 

3cm1654.3 −= enh , which corresponds to 1 torr pressure. 

The governing equation for the electric potential is expressed by Poisson’s equation. 

0ε

)(e ei nn −
−= ,       (18) 

where C106.1e 19−=  and m)C/(V1085.8ε 12

0 = −

.
 

The relationship between the electric field and the electric potential is 

−=E .         (19) 

2.3. Physical parameters for glow discharge 

Parameters for the density field are provided by Rafatov et al. (2007). 
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The Townsend coefficient and the cation mobility can be expressed as functions of the reduced 

electric field as follows, 
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where nE /  is given in [Td] with 217 cmV10Td1 =  and nnE /)/(  is ]cm[ 2
. The electron 

mobility is 

V)/(scm
53 2 =

p

e
e .       (22) 

The diffusion coefficient of the s-species is calculated from the mobility by Einstein’s relation. 

sss TD = ,         (23) 

where sT  is the temperature of the s-species given in electron volts [eV]. 

The secondary electron emission coefficient is used as a constant approximation, 07.0= . 

The parameters for the temperature field are given by the relationship with those for the density field. 

From the comparison between Eq. (16) and the electron energy equation presented by Pan et al. 

(2015), we can obtain the following energy mobility and energy diffusion coefficient. 
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2.4. Boundary conditions 

Table 2. Boundary condition set for glow discharge plasma. 
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Boundary 

Parameters 

*n  in  en  eT    

Anode 0* =n  0=in  0/ = nne  0/ = nTe  0=  

Cathode 0* =n  0/ = nni  )( ie nFn =  0/ = nTe  -U=  

Wall 0/* = nn  0/ = nni  0/ = nne  0/ = nTe  0/ = n  

 

The boundary conditions for the glow discharge are given in Table. 2, where n  represents the 

outward normal vector and )( ie nFn =  is a secondary electron emission, which has the following 

form, 

i

e

i
ie nnFn




== )( .       (26) 

400VU =  is the applied voltage. As shown in the table, the boundary conditions are the 

homogeneous Neumann and Dirichlet conditions. 

The microscopic boundary conditions are given for unknown microscopic distribution functions as 

follows, 

Microscopic homogeneous Neumann boundary condition: ),(),(2),( txftxftxf ffkfkwk −= , (27) 

Microscopic Dirichlet boundary condition: C2 kkk
ff +−= ,     (28) 

where xnxx wf −= , xnxx wff 2−= , 
kk cc −= , and C  is the constant of the macroscopic 

Dirichlet boundary condition. 

3. Results and Discussion 

To verify the NLBM, the lid-driven cavity flow in two dimensions (Sedaghatjoo et al., 2018) and 

the glow discharge with the fixed species temperatures (Rafatov et al., 2007) are simulated by it. 

First, we simulate the two-dimensional lid-driven cavity flow, whose parameters and boundary 

conditions are as follows, 
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Reynolds number: 100Re = , Mesh size: 4141 , Top boundary: 1.0=xu  and 0=yu , 

where the variables are dimensionless parameters. The bounce-back scheme is used for other 

boundaries, 

),(),( txftxf
kk = . 

The velocity distribution is shown in Figure.2. As shown in the figure, the results by the NLBM 

are similar to ones by boundary elements method (Sedaghatjoo et al., 2018) and identical with ones 

by the LBM on the uniform grid. Also, the NLBM has an advantage in computational cost as 

mentioned above. 

  

 

(a). Comparison between results by various 

computation methods. 

(b). 2D velocity distribution of Lid-cavity flow 

simulation by NLBM. 

Figure. 2. Simulation of lid driven cavity flow. 

Second, the analysis for glow discharge with the fixed temperatures is performed for the 

verification, and the detailed parameters are provided in Sect. 2.3. 
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(a). Ion densities. 

 

(b). Electron densities. 

Figure. 3. Charged densities derived by various numerical methods in Case 1 presented by Rafatov 

et al. (2007).  

Figure.3 shows the results, (a) ion densities, (b) electron densities. For simulation, the boundary 

conditions for the species density and the electric potential given in Table. 2 are applied, and the 

temperatures of the electrons and the heavy species are assumed to be constants, Te=1eV and 

Ti=0.025eV. The parameter distributions in density field reveal the tendency similarities to those in 

the previous works including the rapid increase of ion density (up to 315 m1071.3 − ) near the cathode, 

the presence of relatively low electron density and the sharp decrease of electrical potential due to 

the formation of sheath layer, etc. The thickness of the sheath layer is about 5 mm, which is in 

agreement with the results of Rafatov et al. (2007). Hence we fix the thickness of the fine layer near 

the cathode at 10 mm as in Sect. 2.1.1 to reduce the error from rapid change of parameters at the 

boundary between the fine and the coarse grids. The operation by the present model is performed 
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with low computational cost (1.5 times less than on the uniform grid in memory). 

The above comparisons have fully shown the advantages of non-uniform grid over uniform one, 

which means that it may avoid the difficulty of the operation in multi-field simulations. From the 

above results, our model seems to be successfully applied to the fluid flows and the plasma 

simulations, and therefore it may be employed for the more complex simulations. 

 

 

(a). Species density distributions. (b). Species density distributions (zoom of the 

data plotted in panel (a)). 

  

(c). Electron temperature distribution. (d). Electric potential. 

Figure. 4. Glow discharge simulation considering the non-uniform temperature field. 

Figure. 4 shows the simulation results by using NLBM in the multiple fields (the density field, the 

temperature field and the electric field). For the electron temperature, it exhibits good agreement 

with the results of Fu et al. (2014). The electron temperature in the positive column is about 1.03eV 

and increases to a maximum 5.5eV in the sheath layer. This seems to be because the Joule heat in the 

sheath layer is larger than in the positive column due to the strong electric field. The sharp decrease 
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of the electrical potential in the sheath layer appears from about -240V. Also, the electric current is 

about 2mA, which is similar to 2.3mA of Rafatov et al. (2007). However, the results show the 

linearity of the species densities unlike those of Fu et al. (2014). It seems to be caused by the 

influences of the walls. Rafatov et al. (2007) are applied the homogeneous Neumann condition to the 

walls from the fact that the effect of walls is weak at the inner regions since the discharge tube is 

long. In contrast with that, Fu et al. (2014) considered that the species are annihilated instantly when 

collide with the walls. We will verify about this in following study. Other parameters are similar to 

the previous works (Rafatov et al., 2007; Fu et al., 2014). 

4. Conclusions 

We establish a mathematical model based on the drift-diffusion theory, which takes into account the 

four species and eight chemical reactions for glow discharge and is simulated by using the NLBM. 

Through the two-dimensional simulation of the lid-driven cavity flow and the analysis for the glow 

discharge with the fixed species temperatures, we verify our mathematical model, and emphasize its 

advantages in NLBM application to the multiple fields. Reducing the computational cost, the results 

of the glow discharge analysis combining with the temperature field are in good agreement with the 

previous results. The present model can be used for the other plasma simulations such as the arc and 

DB discharges. 

On the other hand, the use of the square elements is restricted by the computational cost in large 

computational domain size since the element number depends linearly on the domain size. This may 

be overcome by combining with finite element method (Baroudi & Lee, 2021) or meshless method 

(Miotti et al., 2021). Our future work will carry out the plasma simulations by using such LBMs. 
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